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Problem definition



The problem

Let us take a network modeled as a graph (B, L), where B represents the set of buses
and L represents the set of lines. For every bus k we have a (possibly empty) set of
generators G(k) located at bus k. The problem consists of meeting the energy demand
at every bus, and doing so with the lowest possible energy generation cost.
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The problem

Let us take a network modeled as a graph (B, L), where B represents the set of buses
and L represents the set of lines. For every bus k we have a (possibly empty) set of
generators G(k) located at bus k. The problem consists of meeting the energy demand
at every bus, and doing so with the lowest possible energy generation cost.

More precisely, we have the following variables:
» for each bus k we have a complex voltage V. = |Vj|e/%;

» for each branch km we have two variables Sy, and Sk, the complex power
injected into the branch at k and at m, respectively;

» for each generator g there is power generation Pg +jQ§.

These variables are subjected to five classes of constraints.
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Polar coordinates formulation

L inf § Fe(PE,QF)
Pg7Qg15k1
Vil Sim €

s.t.

AC power flow laws:

Skm = (Gik — jBkk)| Vie]> + (Gkm — jBm)| V|| Vim|

Flow balance constraints:

E Skm + PE+jQE = E PS¢+ E QG
kmelL geG(k) geg(k
Branch limits, generator limits, voltage bounds:
|5km|2 S Ukm

min G max min G max
PIin < PS < PM, Q" < QS < QU
V;('nln S |Vk‘ S Vl:nax
O < On < O

- (cos(Okm) + j sin(Okm))

Vkm e L,

Vk € B,

Vkm € L,

Vg € G,
Vk € B,
Vkm € L.

(1a)

(1b)

(1)

(1d)
(e)
(1f)
(1g)
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Variable substitution

One can introduce auxiliary variables to tackle the problem of having sine and cosine

functions:
km = |Vi[|Vin| - cos(Okm) Vkm € L,
Skm = | Vk|[Vin| - sin(0km) Vkm € L,
crk = | Viel? Vk € B.
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Variable substitution

One can introduce auxiliary variables to tackle the problem of having sine and cosine

functions:
km = |Vi[|Vin| - cos(Okm) Vkm € L,
Skm = | Vk|[Vin| - sin(0km) Vkm € L,
crk = | Viel? Vk € B.

Substituing such variables in the model without adding their definitions gives us a first
relaxed model.

Note that by doing so we manage to remove sine and cosine functions but we also lose
crucial relations between the new variables.
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A first relaxed model

: — G
o L= > Fe(PE) (2a)
¢+ Qg +Ckm>
Skm »Skm »Pkm» Qkm G

Subject to: Pim = GukCkk + GikmCkm + BkmSkm Vkm € L, (2b)
Qkm = —Bik ik — Bkmkm + GkmSkm Vkm € L, (20)
Skm = Pkm + jQm Vkm € L, (2d)
Zskm+Pk+_]Qk— ZPG+JZQG Vk € B, (26)
kmeL geg(k g€G(k)
Pkm + ka < Uim Vkm € L, (2f)
Vi < o < Vel Vk € B, (%)

i G i G

prin < pS < pmax Qmin < QF < QI Vg €, (2h)
ck >0 Vk € B, (2i)
VIV > g > 0 Vkm e L, (2j)
— VIV sy, < VTRV Vkm € L, (2k)
Ckm = Cmks Skm = —Smk Vkm e L. (2|)
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Jabr (1)

Equality

To link the ¢ and s variables we make use of the following equality:

C2n + 52k = CkkCmm Vkm € L. (3)

We will denote by Jabr equality ACOPF relaxation the model (2) together with
constraints (3).
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Jabr (1)

Equality

To link the ¢ and s variables we make use of the following equality:

C2n + 52k = CkkCmm Vkm € L. (3)

We will denote by Jabr equality ACOPF relaxation the model (2) together with
constraints (3).

These nonconvex couplings constraints can be relaxed as follows.

Inequality
CI%m + Sr2nk < CkkCmm Vkm € L. (4)
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Jabr (I1)

Note that inequality
2 2

can be rewritten as

2 2
C = (G C C
Cl%m+51271k+< mm2 kk) < ( mm;‘ kk) 7

which represents a rotated SOCP cone in R*. Note also that the cone (4) is the
convex hull of (3).

8/24



Jabr (I1)

Note that inequality
2 2

can be rewritten as

2 2
C = (G C C
CZm‘*'Sank"'( mm2 kk) < < mm;‘ kk) 7

which represents a rotated SOCP cone in R*. Note also that the cone (4) is the
convex hull of (3).

We will denote by Jabr inequality ACOPF relaxation the model (2) together with
constraints (4).
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Trees and cycles



Trees

Can we take advantage of the network structure to ensure exactness of a relaxed
model?
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Trees

Can we take advantage of the network structure to ensure exactness of a relaxed
model?

More specifically, does a multisource radial network require other constraints other

than the Jabr equality?

Lemma 1.

If (B, L) is a multisource radial network, then the Jabr equality ACOPF relaxation is
exact [Jab06].
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Trees

Can we take advantage of the network structure to ensure exactness of a relaxed
model?

More specifically, does a multisource radial network require other constraints other
than the Jabr equality?

Lemma 1.
If (B, L) is a multisource radial network, then the Jabr equality ACOPF relaxation is

exact [Jab06].

Why do we need a tree structure for the exactness of the model?
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Loop constraints

Definition 1 (Loop constraint).

Given a cycle C on nodes {ki, ..., k,}, we define the loop constraint on C as the
following
[n/2] . .,
Z Z 1)J H Sknkn1 H Chikiyr = H Chkiki» (5)
Jj=0 AcC|n] heA leAc e
|A|=2j

with A€ = [n] \ A.
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Loop constraints

Definition 1 (Loop constraint).

Given a cycle C on nodes {ki, ..., k,}, we define the loop constraint on C as the
following
[n/2] . .,
Z Z 1)J H Sknkn1 H Chikiyr = H Chkiki» (5)
Jj=0 AcC|n] heA leAc e
|A|=2j

with A€ = [n] \ A.

Lemma 2.

The Jabr equality ACOPF relaxation together with the additional loop constraint (5)
written for every cycle of (B, £) is exact.
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Constraint redundancy
Definition 2 (Cycle space).
The (binary) cycle space of an undirected graph is the set of its even-degree subgraphs.

Definition 3 (Cycle basis).

A cycle basis of an undirected graph is a set of simple cycles that forms a basis of the
cycle space of the graph.
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Constraint redundancy
Definition 2 (Cycle space).
The (binary) cycle space of an undirected graph is the set of its even-degree subgraphs.

Definition 3 (Cycle basis).

A cycle basis of an undirected graph is a set of simple cycles that forms a basis of the
cycle space of the graph.

Lemma 3.

It is sufficient to write (5) for every cycle in a cycle basis of (B, £).
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Linearizations



3-cycles and 4-cycles

We first focus on short cycles, namely, cycles made up of 3 or 4 nodes [KDS16]. Note
that, in this case, the polynomials constituiting the loop constraints are cubic
polynomials and quartic polynomials, respectively.
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3-cycles and 4-cycles

We first focus on short cycles, namely, cycles made up of 3 or 4 nodes [KDS16]. Note
that, in this case, the polynomials constituiting the loop constraints are cubic
polynomials and quartic polynomials, respectively.

In this particular case, it is possible to reduce the degree of the polynomials thanks to
the following result.

Lemma 4.

Given a cycle of length 3 or 4, if the Jabr equality is satisifed on all the branches of the
cycle, the loop constraint (5) can be replaced exactly by two bilinear constraints.
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3-cycles and 4-cycles

We first focus on short cycles, namely, cycles made up of 3 or 4 nodes [KDS16]. Note
that, in this case, the polynomials constituiting the loop constraints are cubic
polynomials and quartic polynomials, respectively.

In this particular case, it is possible to reduce the degree of the polynomials thanks to
the following result.

Lemma 4.
Given a cycle of length 3 or 4, if the Jabr equality is satisifed on all the branches of the

cycle, the loop constraint (5) can be replaced exactly by two bilinear constraints.

What about larger cycles?
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Larger cycles
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Larger cycles

The idea

Decomposing bigger cycles into smaller cycles by
creating artificial branches.
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Larger cycles
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The idea

Decomposing bigger cycles into smaller cycles by
creating artificial branches.

Two types of decomposition

Cycles can either be decomposed into 3-cycles by
adding branches (1, /), for i =3,...,n, or into
4-cycles by adding branches (1,2/), for
i=2,...,(n—2)/2. Note that if n is odd, one
3-cycle needs to be added by creating the artificial
branch (1,n—1).
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Excursus: multilinear optimization (1)

Multilinear problem

min Z c? HXV
€Ty vel
s.t.Zc{Hxvgbj vjie{1,...,m},
I€Z; vel
xv € [lv, uv] Vv eV,

To,T1,- -, Im C V, ¢, b €R ,l,u e RV

(6a)

(6b)

(6¢)
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Excursus: multilinear optimization (1)

Multilinear problem

min Z c? HXV
€Ty vel
s.t.Zc{Hxvgbj vjie{1,...,m},
I€Z; vel
xv € [lv, uv] Vv eV,

To,T1,- -, Im C V, ¢, b €R ,l,u e RV

Multilinear problem: rewriting

vje{lv"'vm}v

Zl:||Xv

vel
Xy € [IV7 Uv]

VI € £ =Um,T;,

Vv e V.
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Excursus: multilinear optimization (II)

It is known that there exists an optimal solution in which each x, is at its bound, that
is, x, € {/,,u,} holds for all v € V. Hence, by an affine transformation we can replace
by x, € {0,1} for all x, € V.
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Excursus: multilinear optimization (II)

It is known that there exists an optimal solution in which each x, is at its bound, that
is, x, € {/,,u,} holds for all v € V. Hence, by an affine transformation we can replace
by x, € {0,1} for all x, € V.

The couple (V, ) gives rise to a multilinear polytope defined as the convex hull

ML(V, &) == conv{(x,z) € {0,1} x {0,1}¢ | z = [[ x, V/ € €} (8)

vel

of the multilinear set defined as the set of the solutions of (7c) with the constraint of
X, being binary.
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Excursus: multilinear optimization (II)

It is known that there exists an optimal solution in which each x, is at its bound, that
is, x, € {/,,u,} holds for all v € V. Hence, by an affine transformation we can replace
by x, € {0,1} for all x, € V.

The couple (V, ) gives rise to a multilinear polytope defined as the convex hull

ML(V, &) == conv{(x,z) € {0,1} x {0,1}¢ | z = [[ x, V/ € €} (8)

vel

of the multilinear set defined as the set of the solutions of (7c) with the constraint of
X, being binary.

As a side note, all of this can be interpreted in the setting of hypergraphs: in particular
with G = (V, &) being an hypergraph.
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A first relaxation

The simplest polyhedral relaxation of ML(V/, ) is the standard relaxation [SW24]

z1 < x, Yveleg, (9a)

z1+) (1-x)2>1 leé&, (9b)
vel

z1>0 leé&, (9¢)

xy € [0,1] Vv e V. (9d)

Unfortunately, this relaxation is often very weak and so one could be interested in
finding additional constraints to tighten the relaxation.
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Extended flower inequalities & Co

One possibility is adding the extended flower inequalities [SW24].

Definition 4.

Let S:={{v}|veV} I€& andlet Jr,...,Jx € EUS be such that
JHU---UJeDland Jinl+# 0 hold for i =1,..., k. The extended flower inequality
centered at [ with neighbors Ji, ..., Jx is the inequality

k

714+ (1—2z;,) > 1 (10)

i=1

Another possibility is the recursive (McCormick) linearization [Kha06].
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Affine transformations (1)

A first step could consist in applying the standard relaxation to each monomial in every
loop constraint

Ln/2] n

Z Z (- 1)J H Sknkht1 H Chikiyr = H Ckiki-

Jj=0 AcC]n] hecA le Ac i=1
|A|=2]
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Affine transformations (1)

A first step could consist in applying the standard relaxation to each monomial in every
loop constraint

Ln/2]

n
Z Z ( 1)J H Sknkn1 H Chikipr = Hck/'ki'
Jj=0 AcC]n] hecA le Ac i=1
|A|=2]

We have that ¢k, > 0 and, if we suppose that the angle differences are small, we have
that ck,, > 0. We only need to define variables

Ckiki Chk

/ _ i Ki / o IKI+1 / /

Ck,'k,' - vmax27 Ck/k/+1 - Vmax Vl?']ax7 Ck,'k," Ck[kH_l € [07 1] (11)
ki I+1
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Affine transformations (I1)

The problem is that we can not make hypotesis on the sign of sy, 4, ., and rescaling it
in the following way

max | ymax
/ Skhkthl + th kh 1
s _ +
knkny1 — 2 |\/max|/max

kn Kn+1

would generate a lot more monomials in (5).
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Affine transformations (I1)

The problem is that we can not make hypotesis on the sign of sy, 4, ., and rescaling it
in the following way

max max
/ Skhkthl + th kh 1
S = + —
Knknt1 — 2vl?;ax \/max

Kh+1

would generate a lot more monomials in (5). The idea is then to write

Sknkpi1 = Vl::ax kr:i)l((za—khkh+1 - 1)u;<hkh+1’ Okpkpi1 € {0,1}, Ukpkpyr € [0,1]. (12)

At this point [T; s5 = [1; V™ V™ x [1;(203 — 1) x [T u}; and

[[@2o;—1)=1-2r, wherer+2m=> (1-o0y), re{0,1}, meZ.  (13)

ij ij
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Numerical experiment



Preliminary numerical experiment (1)

Network details

» 14 buses, 5 generators, 20
lines;

» minimum cycle basis made up
of 7 loops, 5 loops of length 3
and 2 loops of length 6.
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Preliminary numerical experiment (II)

no Jabr Jabr

no loop 116.090 5.449
loop 84.884 4.717

Table: Norm 2 error of loop constraints (5) with different constraint configurations. Results are
scaled by a factor of 10°.

We studied the impact of the Jabr inequality and our relaxation of the loop constraint
on the norm 2 of the vector difference between the Ihs and the rhs of (5).

Note that the error on the Jabr equality (= 10_9) is negligible with respect to the error
on the loop constraints when the Jabr inequality is added to the constraints.
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Conclusions & future works



Conclusions

» Some models and relaxations for the OPF problem.

» The study of the exactness of the relaxation with respect

to the network structure.

» Some multilinear programming techniques and a first attempt

to adapt them to the linearization of the loop constraint.
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Future works

Apply the extended flower inequalities or the recursive

McCormick linearization to strengthen our formulation.

Make a comparison between our techniques and the 3-cycle / 4-cycle

decomposition.

Make use of the strong sructure of the loop constraint, investigating

the link between multilinear optimization and hypergraph theory [DK17].
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Fine.

For other things | do — ambrogiomb.github.io
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https://ambrogiomb.github.io/
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